Let b(n, k) denote the number of permutations of {1, . . . , n} with precisely k inversions. We represent b(n, k) as a real trigonometric integral and then use the method of Laplace to give a complete asymptotic expansion of the integral. Among the consequences, we have a complete asymptotic expansion for b(n, k)/n! for a range of k including the maximum of the b(n, k)/n!.
] that the b(n, k) are log concave in k "so that Lemma 2 applies." This will give a (first term) asymptotic formula for b(n, k)/n! when k = µ n + xσ n where x is a fixed real number.
In this paper, we represent b(n, k) as a real trigonometric integral. We then use the method of Laplace to give a complete asymptotic expansion of this integral in terms of the Bernoulli numbers and Hermite polynomials. Hence, we have the complete asymptotic
when 2k = n 2 ± xn 3/2 /3 where x 2 = x 2 (n) ≤ ln n and m is a fixed integer at least 2. Here, H 2q are the Hermite polynomials defined before Theorem 1 and the S 2q are defined in Theorem 3. In particular, we have a complete asymptotic expansion for B(n)/n! when In what follows, k, and n are integers with 0 ≤ k ≤ n 2 and 2 ≤ ≤ n. We denote the nonnegative integers by N. All asymptotic formulas are for n → ∞.
Muir [5] (see also [3; p. 239 
where C is the unit circle. Hence,
upon parameterizing C (z = e it ; t ∈ [0, 2π]) and using the symmetry of the integrand. For an integer n ≥ 2 and real numbers a, b and x, let
3 dt and I(n, x) := I n, x, 0, π 2 (where all discontinuities of the integrand have been removed). Then (2) gives
for all integers k, n where 0
, n ≥ 2 and 2k =
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For a nonnegative integer q and real number x, let
Here H n (x) are the Hermite polynomials given by 
and for an integer m ≥ 1,
Of course, our error terms a, b and c m are all infinitely-differentiable functions over the reals. We also require the following inequality (integration by parts). For a real number
We now give our first result.
Proof. We use the method of Laplace. For 0 < a ≤ 1 and an integer ≥ 2, let
and, hence, for all n ≥ 9 and all real numbers x,
For all integers and all real numbers t with sin t = 0, (4) gives sin t/ sin t = 1 − (
(Naturally, we define sin t/ sin t = 1 when t = 0 to remove that discontinuity.) For all n ≥ 144 and all real numbers x, (9) gives
and
Recall that cot
For a nonnegative integer m, | t| ≤ 1 and
For n ≥ 2 and give
upon setting u = n 3/2 t/3, where
3 + 93/200n 5 and R 6 (n) = −9/245n 2 − 9/70n 3 − 9/70n 4 + 3/70n 6 + 123/490n 8 . It is readily seen that the error term in (15) is at most e n −9/2 ln 9 n for all n ≥ 2 and all real numbers x. For 0 ≤ u ≤ ln n/3, (6; m = 3) gives
where S 2 (n) = −3/4n + 5/4n 2 , S 4 (n) = −9/100n + 9/160n 2 , S 6 (n) = 603/19600n 2 and S 8 (n) = 81/20000n 2 . Hence, (15) and (16) give
where the last equation follows from (7). The error term in the first equation holds uniformly for all real numbers x by the comments after (15) and, since | cos(ux)| ≤ 1, the error term in the second equation holds uniformly for all real numbers x by (16) as does the error term in the third equation involving the integral. Then (8), (10-12) and (17) give
where our error term holds uniformly for all real numbers x. Hence, after simplifying (18) we obtain
where our error term holds uniformly for all real numbers x. Our result follows since, apart from the error term, the smallest term in (19) has order of magnitude at least n
We note several consequences of Theorem 1.
Corollary 2. For x
± xn 3/2 /3. We also have the asymptotic expansion
In particular, B(n)/n! has the same asymptotic expansion. 
Proof. The asymptotic expansion for b(n, k)/n! when 2k =
Hence, for all n ≥ e 141 and all x ∈ [0, ln (20) and (21) give
Assume n 2 is even (odd n 2 is similar) and n ≥ e 141 . Let := n 2 /2 + n 3/2 /6 ln n so that 2 = n 2
so that (3) and (22) give
Hence, Theorem 1 gives
Remark. We can replace the o(n −7/2 ) error term in the asymptotic expansion of B(n)/n! with O(n −9/2 ln 19 n).
The following extension of Theorem 1 (the case m = 3) giving a complete asymptotic expansion of I(n, x) can be immediately read out of its proof.
Theorem 3. Fix an integer
(The S 2q (n) are defined in the proof.) (13) and (14) give
where
Hence, (23) and (6; m = 1) give
where R 2 (n) = −3/4n + 5/4n 2 and, for 2 ≤ k ≤ m,
The error term in (24) holds uniformly for all real numbers x.
(in fact, R 2k (n) involves n −k+1 and smaller integer powers of n). For all n ≥ m + 1 and all 0 ≤ u ≤ ln n/3, (25) gives
Hence, (6) and (26) give
where S 2q (n) is that part of 
2m (n) involves n −(e 2 +···+(m−1)e 2m ) = n −(q−r+e 2 ) and smaller integer powers of n while q − r + e 2 ≥ m if q ≥ 2m − 1. Then, (24) and (27) give
where our error term holds uniformly for all real numbers x. Hence, after simplifying, (8), (10-12) and (28) give
where our error term holds uniformly for all real numbers x. Our result follows since, apart from the error term, the smallest term in (29) has order of magnitude at least
As a consequence of Theorem 3, we have a complete asymptotic expansion for b(n, k)/n! when 2k = n 2 ± xn 3/2 /3 where x 2 = x 2 (n) ≤ ln n, as well as for B(n)/n! when n 2 is even. is even.
In the following table we compare the exact value of B(n)/n! (found by expanding the generating function for the b(n, k)) with the approximations (given by Corollary 4 for m = 2, 3) for n = 40 and 80. 
